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Abstract: MAiNGO is a deterministic global optimization software for solving mixed-integer
nonlinear programs (MINLP). It is applicable to a wide range of MINLPs and has been shown
to have computational advantages for classes of problems that admit reduced-space formulations.
Furthermore, it can also serve as a framework for simulation and local optimization. Main algorithmic features of MAiNGO are the operation in the original variable space through the use of
McCormick relaxations (i.e., no introduction of auxiliary variables) through MC++ (Chachuat et
al., IFAC-PapersOnline 48 (2015), 981), custom relaxations for various functions (including several
functions relevant to process systems engineering), and significant flexibility in model formulation.
In addition to a basic branch-and-bound with some state-of-the-art bound tightening techniques
like duality-based bound tightening and optimization-based bound tightening, it implements specialized heuristics for tightening McCormick relaxations as well as a multistart heuristic. This
report summarizes the capabilities, algorithm, and software structure of the current version of
MAiNGO (v0.1.12).

1

Introduction

Any nonlinear program (NLP) or mixed-integer nonlinear program (MINLP) with nonconvex functions can exhibit multiple local solutions. Local optimization methods (cf., e.g., [3]), which are
usually based on gradients, can converge to any locally optimal solution and can even fail to find
a feasible point at all for poor choices of initial points. Heuristic methods like genetic algorithms
or simulated annealing converge to the global solution with probability one only as runtime goes
to infinity (cf., e.g., [20]).
Deterministic global methods, in contrast, do guarantee finite convergence to the global solution
given non-zero but arbitrary tolerances for feasibility (δ) and optimality () specified by the user
[11, 20]. Available deterministic global solvers like BARON [39], ANTIGONE [23], COUENNE [1],
LINDOGlobal [19], MINOTAUR [21] or SCIP [42] are based on spatial Branch-and-Bound (B&B)
[8]. They differ in many algorithmic details related to management of the B&B tree (cf., e.g.,
[1, 11, 20]), heuristics for bound tightening (cf., e.g., [1, 32]) and for finding good feasible points,
as well as the way they construct relaxations for obtaining the required lower bounds (assuming
minimization) on the objective function value (cf., e.g., [20, 23, 38]). However, to our knowledge
all of them require explicit access to the algebraic structure of all functions involved in order to
supply these relaxations and many do not support several useful functions (e.g., max, min, or
trigonometric functions) [41].
The McCormick-based Algorithm for mixed-integer Nonlinear Global Optimization (MAiNGO)
is a deterministic global optimization algorithm based on spatial B&B which relies on McCormick
relaxations [22] and recent extensions [25, 36, 40, 44] that are implemented in the MC++ library
of Chachuat et al. [7]. It can handle functions the algebraic form of which is not visible to the
optimizer but whose function values, derivatives, relaxations and its subgradients are available at
every point of the domain, and supports a relatively comprehensive library of intrinsic functions.
In the following, we discuss the problem class that can be solved with MAiNGO, outline some core
aspects of the algorithm and describe the basic structure of the implementation.

˚ Corresponding

author: Alexander Mitsos
E-mail: amitsos@alum.mit.edu

MAiNGO v0.1.12

2

29.10.2018

Capabilities

MAiNGO can solve MINLPs of the following form, guaranteeing a solution that is δ-feasible and
-optimal (adopting the definitions of [20]) or proving that no δ-feasible point exists for
min
x,y

s.t.

f px, yq
hpx, yq “ 0
gpx, yq ď 0

(1)

x P X Ă IRnx
y P Y “ t0, 1uny
where IR denotes the set of closed bounded intervals of R. An important point is that the core
of MAiNGO does not require access to the algebraic form of f , g, and h. The only requirement
is that MAiNGO needs to be able to query function values and gradients at any given point
|
px| , y| q P X ˆ Y as well as convex and concave relaxations
and their subgradients
on any given
”`
˘ ` U | U | ˘| ı “ L U ‰
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L| |
node defined by vectors of lower and upper bounds, x , y
, x ,y
“ x1 , x1 ˆ ... ˆ
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”
‰ “ L U‰
“ L
U
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U
xnx , xnx ˆ y1 , y1 ˆ ... ˆ yny , yny Ă X ˆ Y . In this sense, the functions f , g, and h act in
a similar way as external functions in modeling environments like GAMS [9]. The functions f , g,
and h could in fact also contain parts that are truly external in the sense that they have been
implemented (and compiled) by a user who has made sure to supply gradients and relaxations no matter how these are obtained. Note that Scott et al. [36] have shown that such relaxations
can be integrated seamlessly with (generalized) McCormick relaxations.
The standard way for obtaining relaxations in MAiNGO is through the MC++ library [7] via
the automatic propagation of McCormick relaxations through computer codes [22, 25, 36, 40].
To enable this propagation, f , g, and h need to be factorable functions, i.e., they consist of a
finite recursive composition of binary addition, multiplication, and intrinsic functions from a given
library. Note that the library allows for multivariate outer functions as introduced in [40]. This
library currently includes the following classes of functions:
• Univariate functions commonly included in modeling languages such as exponential, logarithm, power etc.,
• Multivariate functions including the binary product and division as well as the maximum
and minimum of two variables [27, 40],
• Trigonometric and hyperbolic functions [35],
• Several functions that are commonly used in chemical process models [26], e.g., the logarithmic mean temperature difference (LMTD) and its reciprocal [24, 29].
While some of these could also be written as factorable functions themselves, including them as
intrinsic functions allows the use of custom relaxations that can be substantially tighter than those
obtained from propagating McCormick relaxations through the factorable representation.
For propagating McCormick relaxations, the main limitation on the computer codes implementing functions f , g, and h is hence that they may not contain general conditional statements
or iterative procedures with a priori unknown number of iterations. The former could, however,
be circumvented through the use of the step functions introduced by [44]. The latter currently
needs to be avoided through suitable model formulation (cf. [5]), since existing methods for the
relaxations of implicit functions [37, 45] are currently not included.
The ability to supply procedural definitions of the functions in problem (1) through computer
codes has two important benefits. First, the increased flexibility in model formulation can improve computational performance in global optimization since it enables convenient handling of
reduced-space optimization formulations [5, 6, 12, 25, 35]. Second, the ability to use complex
models implemented in a powerful programming language like C++ with the associated benefits compared to purely equation-oriented environments like GAMS makes MAiNGO a convenient
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modeling framework beyond global optimization. Through the local solvers it interfaces (cf. Section 4), it can be used for simulating algebraic models (i.e., solving fully specified models without
objective), or for local or heuristic global optimization using different local solvers that can be
switched easily, as well as heuristics for generating initial points.

3

Algorithm

MAiNGO implements a spatial Branch-and-Bound (B&B) algorithm [8] with different heuristics
for node selection (best-first by default), branching variable selection (by default taken as the
variable with the largest diameter in the current node relative to the root node) and branching
point selection (bisection by default). Detailed discussions of the convergence guarantees as well
as a discussion of node selection and branching schemes can be found in [1, 11, 20, 38].
At each node k of the B&B tree, convex and concave relaxations and subgradients of the
objective function and the constraint residuals are obtained through the propagation of McCormick
relaxations [22] and their subgradients [25] as well as several extensions [27, 36, 40, 44] implemented
in MC++ [7]. Other recent extensions like the differentiable modification of McCormick relaxations
[15], relaxation of implicit functions [37] or reverse propagation [45] are currently not included. A
discussion of the convergence properties of McCormick relaxations can be found in [4, 28, 30].
Optionally, the relaxations can be tightened through the heuristic introduced in [31], which uses
the subgradients of the McCormick relaxations to tighten interval bounds at each factor. This, in
turn, improves the relaxations of the following factors.
The relaxations are evaluated at one point (typically the midpoint) or multiple points (based
on different heuristics). The lower bounding problem (LBP) is then constructed as described in
[5] as a linearization of the McCormick relaxations at these evaluation points. The resulting linear
program pLPk q is solved to obtain a valid lower bound (LBDk ) on the optimal objective within the
current node. Since no auxiliary variables are used, the LBP is formulated and solved in the same
space as the original problem (1), which may have significantly lower dimensionality than that of
the LBP resulting from the auxiliary variable method. At the same time, the resulting relaxations
are equally tight as those generated by the auxiliary variable method [40], except in case the latter
recognizes reoccurring subexpressions. Note, however, that MC++ [7] provides some functionality
to also recognize such reoccurring subexpressions when generating McCormick relaxations.
As upper bounding problem (UBP), the original problem restricted to the current node is
either solved locally (with gradients obtained via automatic differentiation) or the solution point
of the LBP is simply checked for feasibility with respect to the original constraints. The number
of iterations taken for upper bounding in each B&B node is limited to a user defined value.
Optionally, MAiNGO uses duality-based bound tightening (DBBT) and probing based on the
multipliers of the LBP [33, 34], as well as optimization-based bound tightening (OBBT) [10] at
every B&B node. The latter is also referred to as standard range reduction by [20] and is similar
to the contract step in the algorithm of [46]. It consists of successively maximizing and minimizing
each variable subject to the relaxed (and linearized) constraints, possibly including an objective
function cut. In MAiNGO, the greedy heuristic and trivial filtering, both introduced by [10], are
used for sorting OBBT runs and limiting the number of runs conducted. For filtering, the required
minimum achievable improvement relative to the node width can be adjusted.
Before entering the B&B, MAiNGO conducts a pre-processing step. This step contains a check
for special problem structures using the structure and dependency detection features of MC++ [7].
This way, linear programs (LP), mixed-integer linear programs (MIP), quadratic programs (QP),
and mixed-integer quadratic programs (MIQP) can be recognized and handled appropriately (e.g.,
handed directly to CPLEX). Only in case none of these special problem types is recognized, the
problem is treated as a general MINLP (or, possibly, NLP) and passed to the described solution
procedure of MAiNGO. In this case, pre-processing optionally includes multiple rounds of OBBT
as well as multiple local searches from randomly generated initial points.
Currently, only a very basic integer treatment is implemented in MAiNGO, which relies on simple branching of binary variables. Implementation and development of (mixed-)integer heuristics
is part of future work for MAiNGO.
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Fig. 1: Basic structure of MAiNGO. It interfaces LP Solvers and Local NLP Solvers for solving
the lower and upper bounding problems, respectively. The algebraic structure of the Model is
not visible to the core of MAiNGO and it hence acts as a black box in the sense that MAiNGO
can only query function values and gradients (supplied by FADBAD++ [2]) for the functions in
problem (1) at a given point z “ px| , y| q| or convex and concave relaxations and the corresponding
subgradients (supplied by MC++ [7]) at a given linearization point zklin in the node rzkL , zkU s.

4

Structure

The structure of the solver is summarized in Figure 1. Denote by z “ px| , y| q| the vector of
optimization variables of problem (1). To define an optimization problem, the user needs to supply
an implementation of the Model containing the functions f , g, h in the optimization problem (1), as
well as the bounds X ˆ Y on the optimization variables. The functions are currently implemented
directly in C++ using the data types provided by MC++ [7] for constructing a directed acyclic
graph (DAG), but work is underway to enable text-based input as well. The only way MAiNGO
interacts with the functions is to evaluate them with suitable data types to obtain either function
values, gradients, or convex and concave relaxations and their subgradients.
After pre-processing, MAiNGO calls the Branch-and-Bound module which handles the B&B
tree, including node selection, branching, and fathoming. It delegates the required LBP (defined
by the variable bounds rzkL , zkU s in node k) und UBP (defined by the variable bounds and the LBP
solution point) to the Lower Bounding Wrapper and Upper Bounding Wrapper, respectively, which
return the corresponding bounds on the objective function and solution points (zkLBD and zkUBD ).
The Lower Bounding Wrapper evaluates the functions encoded in the DAG using the data
types of the MC++ library [7] (with underlying interval extensions through FILIB++ [18]). Given
lower and upper bounds rzkL , zkU s on the optimization variables and a linearization point zklin , convex
and concave relaxations and the corresponding subgradients are thus queried for the functions in
problem (1). Based on these linearizations, the relaxed problem pLPk q is constructed and handed
to an external LP Solver, currently CPLEX v12.8 [13] (other solvers are currently being added).
The same applies to the problems arising in OBBT or probing (cf. Section 3).
The Upper Bounding Wrapper interfaces an external Local NLP Solver, choices for which currently include the SLSQP algorithm [16, 17] implemented in the NLOPT toolbox v2.5.0 [14] as well
as IPOPT v3.12.0 [43]. The modular implementation allows for addition of other solvers in the
future. The functions in the DAG are evaluated with the data types for automatic differentiation
defined in the FADBAD++ library [2] to obtain function values and gradients of f , g, and h at a given
point z. The Upper Bounding Wrapper is also responsible for checking feasibility of the solution
point zkUBD returned by the local NLP solver (irrespective of the solver’s return status). Finally,
it also contains the heuristics for generating initial points for the local searches in pre-processing.
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